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Periods

A period is a complex number whose real and imaginary parts are values of absolutely

convergent integrals

/ F(X1y .oy Xn)dXy - - dXp,

where f is a rational function with rational coefficients and o C R” is given by polynomial

inequalities with rational coefficients.
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more generally, any algebraic number,

more generally, any (convergent) zeta value,
more generally, the logarithm of any rational number,

more generally, any (convergent) multizeta value



Periods

The set of periods forms a ring, denoted by Pef.
It is not known whether P is a field; it is generally expected not to be.
P is countable.

ZcQcQcpPfccC.



Normal crossing
Let k be a subfield of C. A k-variety is a reduced separated scheme of finite type over k.

Let X be a smooth k-variety. A divisor D C X is called a normal crossing divisor if for any
p € X, there are independent local coordinates

X1, %X € Ox p,
with r < dim X such that D is defined locally by
x1x2 -+ X, = 0.

Such D is called simple if irreducible components of D are smooth.

If D=JH; CP",

D is simple normal crossing divisor <= H,'s are in general position
1



Cohomological definition of periods

Let X be a smooth Q-variety, Y C X a normal crossing divisor. The period isomorphism
Hir(X,Y) ®g C — H(X, Y:Q) ®g C
induces the period pairing

Hiz(X,Y) ® HE(X(C), Y(C);Q) — C

w®ab—>/w.

We call a period of (X, Y) any number in the image of this map.



Example
Let g € Q\ {0,1}. Consider the pair

(X,Y) = (Py\ {0,00},{1.q})

HE(X(C), Y(C)) = HE(C*,{1, q}) has a basis {01,02}:

O

Hr(X,Y) = Hiz(Spec Q[x, x 1], {1, q}) has a basis {w; =

Hence the period matrix of this pair is
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Polylogarithms

There is a generalization of logarithms called polylogarithms which is defined inductively by
liy(z) = —log(1l — 2)

and dz
dlin(z) = Ki,,_l(z)7,

with ¢i,(0) = 0.

They have the power series expansion

m

tin(z) =y =,

1<m

for |z| < 1.



Polylogarithm of a rational number is a period

Fix some g € Q\ {0,1}. Let 2, z1,..., 2, be the homogeneous coordinates on Pf.
Let L; be the hyperplanes defined by z; = 0.

Let M; be the hyperlanes defined as My : zg = z;; My : 20 = 21 + zo; M; : z; = zj14 for
2<i<n;and M, : qzy = z,.

Let My =M, and L =JL;.
Then ¢iy(q) appears in the period matrix of
(P \ L, Mg \ (LN Mq)).

We will call the configuration (L, M) as the polylogarithmic configuration of g.



Dilogarithm
Li is called dilogarithm. Its configuration is given by
Mo 0 — 1

M :zg=2z1+ 2

My qzy = 2.

Call D(q) for the triangle given by M;. Then
. dx d
lih(q) = / ZNY
D

(@ X Y



Aomoto polylogarithms

We call an n-simplex a family of n+ 1 hyperplanes (Lo, ..., L,) of P}.
A pair of simplices (L, M) is said to be admissible if they do not have a common face.

Let (L, M) be admissible pair of simplices such that the hyperplanes of L and M are in
general position. Let
wr =dlog(zi/z0) A ... N dlog(zn/z0)

where z; = 0 is a homogeneous equation of L;. Let Ay be the simplex whose sides are

M;. Then
a(L, /\/I):/ wi
Ay

appears in the period matrix of

(P"\ L, M\ (LN M)).



Definition

Ao(k) :=Z. For n > 0, define A,(k) as the abelian group generated by (L; M) where (L, M) is
an admissible pair of simplices in IP} subject to the following relations:

If the hyperplanes of one of L or M is not in general position (i.e. degenerate), then
(L; M) =0.

For every o € S,
(oL; M) = (L; o M) = (=1)l°l(L; M)

where oL and oM, are defined by the natural action of S, on a set indexed by 1,..., n.

For every family of hyperplanes Lg,...,L,+1 and an n-simplex M,
> (Y(Eim) =0,

where [/ = (Loy .-, [j, ...y Lyt1), and the corresponding relation for the second
component.

For every g € PGL,1(k),
(gL; gM) = (L; M).



Aomoto polylogarithms

A(k) =5 k¥
(L07 Ll; M07 Ml) — r(L07 le MO; Ml)

The multiplication map u : Ay X Apr — Ap, for n + n” = n, is defined on the generators
in the following way. Let g/L’, M’) and (L”, M") be two admissible pairs of non-degenerate
simplices from P" and P" , respectively. Also let L be a non-degenerate simplex from P".
Identify the affine spaces P"\ Lo and (P" \ L) x (P"" \ L§). Then M’ x M” can be seen
in P"\ Ly and hence in P". Cutting this product into simplices in P" defines an element in
Ap, which is defined as the product of (L’; M) and (L”; M").

A = @A, is a graded Hopf algebra. It is called the Aomoto polylogarithms.

We call an element of A, a prism if it is in the image of any multiplication map p from
the lower degrees. The subgroup generated by all prisms in A, is denoted by P,.



Bloch group

There is a 5-term relation of dilagoraithm which implies that

Uip(x) = Ciay) + ia(y /x) = lia((1 = x7) /(1 = y™1)) + Lia((1 = x) /(1 = )

is zero modulo elementary functions.

Let By(k) be the quotient of the abelian group generated by [x], for x € k\ {0, 1}, by the
subgroup generated by elements of the form

[ =]+ Iy/x] = (1 =71/ =y N+ (1 —x)/(1 - )]
for all x,y € k\ {0,1} with x # y.

The map

/2 : Bg(k) — AQ(k)/PQ(k)
[a] = (L; Ma)

is an isomorphism, where (L, M, ) is the polylogarithmic configuration of a in P2,



Period conjecture

Cheking whether two complex numbers are equal or not is not easy. For example
7163 and 3 - log(640320)
both have decimal expensions beginning
40.10916999113251...
but they are not equal.

(e™v183 = 262537412640768743.99999999999925007... is known as the Ramanujan constant.)



Period conjecture

If a period has two integral representations, one can pass between them using only the
following calculus rules.

Additivity of integral:

/wl +wy =
o
/O‘luo'z

€
Il
3\:.\
€
+
Kl
€

where o1 N oy = 0.

Change of variables:

/ w:/f*w
f(o) o

where f is invertible and defined by polynomial equations with rational coefficients.

/dw:/ w.
o do

Stokes' formula:



Abstract periods

The ring of abstract effective periods Pﬁfé is the (Q-vector space generated by symbols

[X,Y,i,o,w], where X is a Q-variety, Y C X a closed subvariety, i € N, 0 € H,-B(X, Y;Q) and
w € Higr(X,Y), subject to the following relations:

(Additivity) The map (o,w) — [X,Y,i,0,w] is bilinear.

(Change of variables) For any morphism f : X — X’ such that f(Y) C Y’,
[X,Y,i,o f'w'] =X, Y i fo,w].

(Stokes' formula) For any chain X O Y D Z of closed subvarieties,
[Y,Z,i,0,0w]=[X,Y,i+1,00,uw],

where § and 9 are connecting morphisms.



The multiplication is defined by
X, Y, i,o,w][X, Y /"o =X x X, XxY UX' xY,i+i,0xc ,wAw].

The ring of abstract periods is the localization Pz of P w.r.t.

G, {1},1, 5%, 2],
X
The Q-algebra morphism
ev:Pxz —C
X, Y, i, ow] b—>/w
is called the evaluation map.

The image of this map is P := Pef[;L].

The following are equivalent.

The period conjecture holds.
ev is injective.



Motives

The category of mixed motives MM(k) over a field k is a conjectural Tannakian category,
together with a contravariant functor h : Var, — MM(k) such that any Weil cohomology
theory H factors through h:

Var H k — Vect

h fu 7
=

MM(k)



Motives and period conjecture

Singular cohomology and de Rham cohomology induce functors
fg, far - MM(Q) — Q — Vect.
Then for any motive M € MM(Q), the period pairing yields a pairing
far(M) @ fg(M)Y — C.

Let P(M) be the subfield of C generated by the image of the pairing.

The following are equivalent.

The period conjecture holds.
ev : Pkz — C is injective.
Pxz is an integral domain and for any (Nori) motive M,

trdeg[P(M) : Q] = dim Guot(M),

where Gmot(M) = Aut® Hg|(my is the Galois group of the Tannakian subcategory (M) of
MM(Q) generated by M.



Theorem

Let D be a diagram (quiver, directed graph), R be a ring and
T:D— R— Mod

be a (quiver) representation. Then, there is an R-linear abelian category C(D, T) with

representation B
T:D—C(D,T)

and a faithful, exact, R-linear functor
fr:C(D, T) - R— Mod

such that T factorises as )
T:0L ¢, T) & R — Mod

and C(D, T) is universal with this property.



Nori diagrams

C(D, T) is called the diagram category.

If D is finite,
C(D, T)=End(T)— Mod.

In general,
C(D, T) =2 — colimg C(F, T| ),

where F runs through finite full subdiagrams of D, i.e., the objects of C(D, T) are the
objects of C(F, T|F) for some F and the morphisms are

More(p,7)(X, Y) = lim Morc(r, 1) (XF, YE),
F

where Xg is the image of X € C(F', T

£) in C(F, T’F) for F D F'.

Each object of C(D, T) is a subquotient of a finite direct sum of objects from
{Tpl|peD}.



Nori motives

Let X be a k-variety, Y C X be a closed subvariety and i € Z. We call (X, Y, i) an
effective pair.
Let Pairs® be the diagram whose vertices are effective pairs and edges are the following.

For any morphism f : X — X’ such that f(Y) C Y’, we have an edge
(X, Y0 = (X, Y,0).
For any chain X 2 Y D Z of closed subvarieties, an edge (Y, Z,i) — (X, Y,i+1).

The relative singular cohomology
H* : Pairs®™ — Z — Mod
(X, Y, i) = H'(X(C), Y(C); Z)
is a representation.

We define the category of effective mixed Nori motives as

MM (k) := C(Pairs™™, H*).



Nori motives

MM = MMEE (k) = C(Pairs®™, H*).

Pairse H’ 7 — Mod

X‘ fry*

eff
MM

Hlilori (X, Y) = 7N-()<7 Y7 I) € MMefo)ri'

Hlilori (X) = Hl(lori (X’Q))



Good pairs

We call an effective pair (X, Y, i) an effective good pair if H/(X(C), Y(C);Z) = 0 for
j # i and H'(X(C), Y(C);Z) is free.

An effective good pair is called an effective very good pair if X is affine, X \ Y is smooth
and either dim(X) =i, dim(Y)=/i—1or X = Y and dim(X) < i.

We denote the full subdiagram of Pairs®™ with effective good pairs by Good®".

We denote the full subdiagram of Good®™ with effective very good pairs by VGood®".



Good pairs

Let X be an affine k-variety of dimension n and Z C X is a Zariski closed subset with
dim(Z) < n. Then there is a Zariski closed subset Y with Z C Y C X and dim(Y) < n
such that (X, Y, n) is a good pair.

By using this lemma iteratively, for any affine variety X of dimension n, we can find a

filtration
D=F i XCFXC..CF1XCF,X=X

such that each (F;.X, Fj_1X,j) is very good.
The induced chain complex
- = H (FX(C), Fi.1X(C); Z) 2% H™ (F1 X(C), FX(C); Z) — - -

computes the singular cohomology of X.

Hence, the categories
MM = c(Pairs™, H*),  C(Good*™, H*), C(VGood*", H*)

are equivalent.



Nori motives

For good pairs (X, Y, i) and (X', Y, /"), let
Hiiori (X, Y) @ Higor (X', Y) = HIFE(X x X", X x Y'UX' X Y)
in the light of the Kiinneth formula.
MMEF = C(Good®™™, H*) is a tensor category.
1(-1) = Hig (G, {1)).

The category MMpneri := MMpori (k) of mixed Nori motives is defined as the
localization of MM . with respect to 1(—1).

MMpnori is a Tannakian category with the fiber functor H*.



1(—n) :=1(-1)®", for n € Z.
M(=n) :=M® 1(—n), for n € Z and M € MMpori -

1(—n), ifi=2nand N>n>0

0, otherwise.

HI(Iori (]PN) = {

If Z is a projective variety of dimension n, then H3". (Z) = 1(—n).



Weight filtration

We work with MMperi @, the category of mixed Nori motives with rational coefficients
(i.e. replace Z — Mod by Q — Mod).

A motive M € MMpeqrig is called pure of weight n € Z if it is a subquotient of

Hﬁ;?J(Y)(_]) for some Y smooth and projective and j € Z.

A motive is called pure if it is a direct sum of pure motives of some weights.
1(—n) is pure of weight 2n.

On every motive M € MMpori g, there is a unique bounded increasing filtration
(W, M),z inducing the weight filtration under the Hodge realization. Moreover, every
morphism of Nori motives is strictly compatible with this filtration.

We call this filtration weight filtration and denote
gt M = W,M/W,_ M.

gr’ M is pure of weight n.



Mixed Tate Motives

A Nori motive M € MMperi g is called a mixed Tate Nori motive if gr%M is a direct sum
of copies of 1(—n).

We denote the full subcategory of MM g containing these objects by MT Mpyerig-



Example

Let B C G,, be such that B = {xy,- - ,x,}. We will find the weight structure of
Hiori (Gm, B). We have the following exact sequence

0— Hl(\)lori (Gm) - HI(\)Iori (B) - Hl%lori (Gm’ B) - Hlilori (Gm) —0
—— —— ———
1(0) 1(0)®r 1(—-1)
Then,
grl'lJ/VHI%Iori (Gfm B) = 1(0)®(f—1)
g2’ Hiori (Gm, B) = 1(~1)

Therefore Hf.,; (Gm, B) is mixed Tate.



Example

Let B= MyU M, UM, C IP’%, where M; are lines in IP% in general position such that they are
not axis lines z; = 0. Then

gr(‘)/VHlilori (B N G%n) =
grgvHI%Iori (B N G?ﬂ) =

(0)

1
1(-1)%°

where s is the number of intersection of B with {z; = 0} U {z = 0}. Using the exact sequence

0— Hlilori (an) - Hl%lori (B N an) - Hl%lori (GIZ‘VH BN Gl2n) - nglori (Grz'n) =0
—r —

1(—1)@2 1(-2)
we have

g0’ Hiori (G2, BN G3,) = 1(0)

gr3" Hiori (G2, BN G3,) = 1(—1)%°2

ngVHl%Iori (G%n7 B m(ng) = 1(_2)

and s —2 € {0,1,2,3,4}. Here 1(—2) is coming from the torus G2, and 1(0) is coming from
the triangle defined by B.



Polylogarithms are coming from mixed Tate motives

Let (L, M) be the polylogarithmic configuration of g € Q \ {0,1}. Then,
Hiori (PG \ L, Mg \ (L1 My)).
is a mixed Tate motive.
More generally, if (L; M) is a generator of A,, then
M = Hyoi (P \ L, M\ (LN M)).
is a mixed Tate motive with

gr%M = 1(—n),
gry' M = 1(0).



Beilinson’s conjecture

(MT Mnori,@; 1(1)) is a mixed Tate category.

Let G be the Galois group of MT Mporig. Then
1-U—>G6—->G,—~1

is split exact.
Here, U = SpecR, where R = (P -, Ra is a graded Hopf algebra.
MT Mo g is equivalent to the category of graded R-comodules.

There is a natural isomorphism of graded Hopf algebras

AQ = R.



A Construction of Mixed Tate Motives

We will consider the motives coming from the following configurations.

B= |J B

1<i<m

Fix n € N0, Let

where all B; are hyperplanes in B that meet x; = ... = x;, = 0 properly for all
{i, ., ix} €{1,....,n}.

We call such B a nice divisor.

We will be interested in the motives of the form
Hﬁori (Gnma B N GZ’:)
Hiori (G, BN GH,) is a mixed Tate motive with

gr%H“ori (G’r;w BN Gnm) = 1(—!7).



Let

where
Md = gr%—zd(lm H“ori (GZW BN G’r;v)) ® l(n - d)
B

such that the limit is taken over all nice divisors B as in the beginning of the section.

In particular,
Moy =1(0)

and
My = grd! (lim Hios (G, BN GR)).
B



Viewing M as a graded R-comodule, we have a linear mapv: M — R® M. Let
i : M — M; be the restriction map.

Since My = 1(0) is realized as Z, there is a natural map £: My — Q.

By composing
hMY% RoME2 oM, 9% R 2 R

we have a map h: M — R such that h|y, = ¢.

This also gives

h‘M,,:Mn_> @ Ri@A”j_)Rn®MO_>Rn®Ql>Rn'
i+j=n



Let G, := S, x G, where S, is the symmetric group of order n!, and the action be given
by 0 - (a1, an) = (o(ar), . .., o(an)).

Then G, acts on G, by
(0-a)-x= (1)l (ax)

foro €S, a,x € Gp.

This action extends on

Mo = g’ (Im Hioy (Gl BN G1).
B

Let
R/ = Hy(Gp; My) = M, /{gx — x | g € Gp,x € M,).

Let RR=Z and R =P, -, R}

n>0 "'n-

Tensor product of motives defines a multiplication R/, ® R/, — R},



Proposition

h|wm, induces a map ¢, : Rl — R,.

R, is given by the framed objects and the coaction M,, = R, ® M, is given by frames
1(0) — gr(l)/VHgori (Gr;m Bn Grlzn)

and it corresponds to the periods of grfV Hl . (G~,, BN GH).
WLOG assume grV Ha . (G2, BN G") = 1(0).
Its periods are scalar multiples of

/ dx1 dx,,

p is invariant under the action of both S, and GJ,..




Lemma

Assume n’ + n" = n. Let (L’; B') € Ay and (L”; B”) € Ayr. Then
(L' B") x (L"; B") =3 ",(L; Bi), for some (L; Bj) € A,. Assume that L, L', " are given by axis
hyperplanes. Then,

Hﬁori (G,l;vv B/ n Gnm) ® H“ori (G,r; ’ B” n Gnm ) = H“ori (G’r;‘n BN G,r;)’

where B is the nice divisor given by the union of simplices B;.

Hiiori (G B’ NGR) @ Hii (G B NG
=Hfioi (G1, Gy x (B" NGY YU (B'NGY) x G
=H{ori (G, (G" x B" UB' x G” )ﬂ Gl)
=H{ori (G, BNG).

by the definition of multiplication in A.



Theorem
There is an isomorphism of graded algebras ¢ : R’ — A.

Let n > 0. Let Z = (Z,...,Z,) be the n-simplex in P" given by Z; : z; = 0. Define A}, as the
abelian group generated by (B) where B is an n-simplex in P such that (Z, B) is admissible,
subject to the following relations:
If the hyperplanes of B are not in general position, then (B) = 0.
For every o € S,,,
(0B) = (-1)(B).

For every family of hyperplanes By, ..., Byy1,
> (-1y(B) =o.

For every g € G7,,
(eB) = (B),

where the action of G7, is as follows. For g = (g1,...,8,) € G, and
p=(20:21:22:...:2,)EP" letg-p=(20:8121: 82 : ... &nZn)-



Then,

A — A,
(B) — (Z;B).

is an isomorphism.
We will write an isomorphism R/ — A!.
We will consider the underlying Z-modules of motives.

We will work in the homological setting. The category of cohomological motives is
isomorphic to the opposite category of homological motives. We denote by HN"' (X, Y)
the corresponding object of HY,; (X, Y).



In this case, _
M, = gr(‘)/v(un_; H:':Ion (Gnm> BN Gnm))’
B

such that the colimit is taken over all nice divisors B.
By adding any such B some hyperplanes, we can divide it into "independent” simplices B'.
So, BC |JB'.
This gives grg’ HR.; (G, BN GA) — @ gry HN* (G, B' N G7,).
Define

Ui 8o Hior (Gy B'NGR) =1(0) = Z — A,
as ¥pi(1) = (B).
This extends a map

VM, — Al



P M, — Al is surjective with kernel (gx — x | g € Gp,x € M,,).
Hence, this gives an isomorphism

¢n: R, =M,/{gx —x|g€ GnxeM,) = A =5 A,

By previous lemma, ¢ = €, ¢n respects multiplication. Thus ¢ is an isomorphism of
graded algebras. B



The comultiplication on A can be carried to R’. This makes R’ a Hopf algebra.

Let p=@P¢n: R — R.

PvRQ:RReQ =R

is an isomorphism of graded Hopf algebras.



Thank you!



