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Chapter 7

Confidence Intervals
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Confidence Intervals

▶ In the previous chapter, we discussed situations in which the population parameter
is known.

▶ But in reality, we usually know the sample statistics and use them to estimate the
population parameter.
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Confidence Intervals

▶ The unknown population parameter (for example, a mean or a proportion) that
we want to estimate is called the target parameter.

▶ If the sample mean is x̄ , then our estimate of the population mean is also x̄ . This
is called a point estimate.

▶ More generally, we estimate an interval around x̄ , which is called a confidence
interval (or interval estimate).

▶ This interval depends on the chosen confidence level.
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Example
For 90% confidence interval, first we find the value z0 > 0 such that

P(−z0 < Z < z0) = 0.9

where Z ∼ N(0, 1).

−z0 0 z0

0.450.45

From the standard normal table,

P(0 < Z < z0) = 0.45 ⟹ z0 ≈ 1.645.
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Part 1

Confidence Interval for a Population Mean:

Large Samples (n ≥ 30)
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Example

Suppose we know

▶ sample mean: x̄ = 50,

▶ sample size: n = 49,

▶ population std: σ = 14.

Then,

standard error =
σ√
n
=

14√
49

= 2

and 90% confidence interval for population mean is

50 ∓ 1.645 × 2Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
3.29

that is (46.71, 53.29).
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Example
Suppose we know

▶ sample mean: x̄ = 30,

▶ sample size: n = 64,

▶ sample std: s = 24,

and we don’t know the population std σ.

Then, instead of σ, we use s.

standard error =
s√
n
=

24√
64

= 3

and 90% confidence interval for population mean is

30 ∓ 1.645 × 3Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
4.935

that is (25.065, 34.935).
▶ When σ is unknown and n ≥ 30, we may use the approximation σ ≈ s.
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Notation

Let α be a real number with 0 < α < 1. The value zα is defined as the number such
that

P(Z > zα) = α

where Z ∼ N(0, 1).

−zα 0 zα

0.5 − α0.5 − α

α α
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Example

−1.645 0 1.645

0.450.45

0.05 0.05

z0.05 = 1.645

z0.025 = 1.96

z0.01 = 2.326

z0.005 = 2.575
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Since P(Z > zα/2) = α
2
, we have

P(−zα/2 < Z < zα/2) = 1 − α.

If n ≥ 30,then by the Central Limit Theorem,

P (µ − zα/2
σ√
n
< X < µ + zα/2

σ√
n
) ≈ 1 − α.

Rearranging this inequality, we get

P (X − zα/2
σ√
n
< µ < X + zα/2

σ√
n
) ≈ 1 − α.
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Confidence Interval for a Population Mean: Large Samples

A random sample is selected from the target population. If the sample size is n ≥ 30,

100(1 − α)% confidence interval for the population mean µ

is given by:

If σ is known:

(x̄ − zα/2
σ√
n
, x̄ + zα/2

σ√
n
) .

If σ is unknown:

(x̄ − zα/2
s√
n
, x̄ + zα/2

s√
n
) .
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Some Technical Terms

confidence interval = point estimate ∓ zα/2 × standard error
Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑ ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï

error margin

point estimate = x̄

standard error =
σ√
n

(or s√
n
)
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Example
A random sample of 100 people is taken from a city. The average income of the
sample is $45 000 per year, with a standard deviation of $25 000 per year. Find a 75%
confidence interval for the mean yearly income of people in this city.

Solution:

−1.15 0 1.15

0.3750.375

0.125 0.125

z0.125 = 1.15. Therefore, 75% confidence interval is

x̄ ∓ zα/2
s√
n
= 45 000 ∓ 1.15 ⋅

25 000√
100Í ÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

2 875

that is (42 125, 47 875).
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Commonly Used Confidence Levels

100(1 − α)%
(confidence level)

α α/2 zα/2

99% 0.01 0.005 2.575

98% 0.02 0.01 2.326

95% 0.05 0.025 1.96

90% 0.1 0.05 1.645
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Going back to the last example with

n = 100, x̄ = 45 000, s = 25 000

the corresponding confidence intervals are

Confidence level zα/2 Confidence interval

99% 2.575 (38 563, 51 438)
98% 2.326 (39 185, 50 815)
95% 1.96 (40 100, 49 900)
90% 1.645 (40 888, 49 113)
75% 1.15 (42 125, 47 875)

▶ As the confidence level increases, the interval gets wider.

▶ There is no 100% confidence level, because the normal curve extends indefinitely
in both directions. No matter how large a finite interval is, there is always some
area outside it.
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Example
A bottling machine is used to fill 1-liter bottles. From long-term quality-control
records, the standard deviation of the fill amount is known to be 8 mL.

A random sample of 64 bottles is taken, and the sample mean fill amount is found to
be 997 mL.

Find a 95% confidence interval for the true mean fill amount.

Solution: Here,
x̄ = 997, σ = 8, n = 64.

For a 95% confidence interval, we use z0.025 = 1.96.

So the 95% confidence interval is

x̄ ∓ zα/2
σ√
n
= 997 ∓ 1.96 ⋅

8√
64

= 997 ∓ 1.96.

Therefore, the confidence interval is

(995.04, 998.96).
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Part 2

Confidence Interval for a Population Proportion:

Large Samples (np̂ ≥ 15 and n(1 − p̂) ≥ 15)
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Example

A public opinion poll is conducted in the U.S. to estimate the proportion of citizens
who trust the president.

Suppose that 1 000 people are randomly selected, and 397 say that they trust the
president.

Find a 95% confidence interval for the proportion of U.S. citizens who trust the
president.

▶ Here, the sample proportion is

p̂ =
Number of sampled people who trust the president

Number of people sampled
=

397

1 000
= 0.397

▶ We want to estimate the population proportion

p =
Number of U.S. citizens who trust the president

Number of U.S. citizens



19/45

We proceed similarly, this time using the normal approximation to the binomial
distribution.

Recall that
σ =

√
p(1 − p), s =

√
p̂(1 − p̂).

But here we do not know σ. (In fact, knowing σ would almost determine p.)

Therefore, for a large sample, we use s instead of σ.

Hence, the standard error is

s√
n
=

√
p̂(1 − p̂)

n .
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Confidence Interval for a Population Proportion: Large Samples

A random sample is selected from the target population. Let n be the sample size and
p̂ be the sample proportion. If np̂ ≥ 15 and n(1 − p̂) ≥ 15,

100(1 − α)% confidence interval for the population proportion p

is given by:

(p̂ − zα/2

√
p̂(1 − p̂)

n , p̂ + zα/2

√
p̂(1 − p̂)

n ) .
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Example (cont’d)
A public opinion poll is conducted in the U.S. to estimate the proportion of citizens
who trust the president. Suppose that 1 000 people are randomly selected, and 397 say
that they trust the president. Find a 95% confidence interval for the proportion of U.S.
citizens who trust the president.

Solution: Here,
p̂ = 0.397, n = 1 000.

First of all,
np̂ = 397 > 15, n(1 − p̂) = 1 000 − 397 = 603 > 15.

For a 95% confidence interval, we use z0.025 = 1.96.

So the 95% confidence interval is

p̂ ∓ zα/2

√
p̂(1 − p̂)

n = 0.397 ∓ 1.96

√
0.397 ⋅ 0.603

1 000
≈ 0.397 ∓ 0.0303.

Therefore, the confidence interval is

(0.3667, 0.4273) = (36.67%, 42.73%).
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Part 3

Confidence Interval for a Population Mean:

Small Samples (n < 30)

with a Normal Population



23/45

If σ is Known

A random sample of size n < 30 is selected from a population that is approximately
normal.

If the population standard deviation σ is known,

100(1 − α)% confidence interval for the population mean µ

is given by

(x̄ − zα/2
σ√
n
, x̄ + zα/2

σ√
n
) .
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If σ is Unknown

What if σ is unknown?

Since n < 30, the approximation σ ≈ s is not reliable enough for our purposes.

In that case, we use another curve, called the t-curve, instead of the normal curve.
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t-curve



26/45

t-curve

There is only one standard normal curve, but there are infinitely many different
t-curves.

degrees of freedom = sample size − 1

Each value of the degrees of freedom gives a different t-curve.
(We will later study two-sample problems, where the degrees of freedom are calculated
differently.)

Each t-curve is symmetric about t = 0, just like the standard normal curve.
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t-table

Let α be a real number with 0 < α < 1. For a given number of degrees of freedom, the
value tα is defined as the number such that

P(T > tα) = α,

where T has the corresponding t-distribution.

We use a t-table to find values of tα for common values of α.

Each row gives the values for a different degrees of freedom.
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t-table
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If σ is Unknown

A random sample of size n < 30 is selected from a population that is approximately
normal.

If the population standard deviation σ is unknown,

100(1 − α)% confidence interval for the population mean µ

is given by

(x̄ − tα/2
s√
n
, x̄ + tα/2

s√
n
)

where tα/2 is taken with n − 1 degrees of freedom.
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Confidence Interval for a Population Mean: Small Samples

A random sample is selected from a population that is approximately normal. If the
sample size is n < 30,

100(1 − α)% confidence interval for the population mean µ

is given by:

If σ is known:

(x̄ − zα/2
σ√
n
, x̄ + zα/2

σ√
n
) .

If σ is unknown:

(x̄ − tα/2
s√
n
, x̄ + tα/2

s√
n
)

where tα/2 is taken with n − 1 degrees of freedom.
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Example

The lifetime of a certain type of battery is approximately normally distributed.

A random sample of 12 batteries is tested. The sample mean lifetime is 52.4 hours,
and the sample standard deviation is 4.6 hours.

Find a 95% confidence interval for the true mean lifetime of this type of battery.

Solution: Here,
n = 12, x̄ = 52.4, s = 4.6.

Since σ is unknown and n < 30, we use a t-curve with

n − 1 = 11

degrees of freedom.
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Example (cont’d)

For a 95% confidence interval, we use

t0.025 = 2.201.

So the confidence interval is

x̄ ∓ tα/2
s√
n
= 52.4 ∓ 2.201 ⋅

4.6√
12

≈ 52.4 ∓ 2.92.

Therefore, the confidence interval is

(49.48, 55.32).



33/45

Confidence Interval Flow Chart

Is n ≥ 30?

Does the population
have a “normal”

histogram?

Not discussed
in Math 201

Is σ
known?

Is σ
known?

x̄ ∓ zα/2
s√
n

x̄ ∓ zα/2
σ√
n

x̄ ∓ tα/2
s√
n

Yes

No

Yes

No

No

Yes

Yes

No
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Confidence Interval Flow Chart for a Population Proportion

Are np̂ ≥ 15 and
n(1 − p̂) ≥ 15? p̂ ∓ zα/2

√
p̂(1 − p̂)

n

Not discussed
in Math 201

Yes

No
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Part 4

Determining the Sample Size
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Example

A random sample of cats is taken from İstanbul. Based on this sample, an 80%
confidence interval for the mean weight of cats in İstanbul is found to be
(3.744 kg, 4.256 kg). If the population standard deviation of cat weights is 1.6 kg,
what are the sample mean and the sample size?

Solution:
The sample mean is the midpoint of the confidence interval:

x̄ =
3.744 + 4.256

2
= 4.00.

The margin of error is
E = 4.256 − 4.00 = 0.256.

For an 80% confidence interval, we have z0.10 ≈ 1.28.
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Example (cont’d)

Using

E = zα/2
σ√
n
,

we get

0.256 = 1.28 ⋅
1.6√
n
.

So √
n =

1.28 ⋅ 1.6
0.256

= 8

and hence
n = 8

2
= 64.
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Determining the Sample Size (for µ)

Aim: Estimate µ with an error margin at most d .

If
d ≥ error margin = zα/2

σ√
n

then

n =
(zα/2)2 σ2

error margin2
≥

(zα/2)2 σ2

d2
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Determining the Sample Size (for µ)

Result: In order to estimate µ with an error margin of at most d and 100(1 − α)%
confidence level, the required minimum sample size is

(zα/2)2 σ2

d2
.

(Compute this value and round UP to the next integer.)

The value of σ is usually unknown. It can be estimated by the standard deviation s
from a previous sample.

(zα/2)2 s2

d2
.
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Example
A factory wants to estimate the mean diameter of a certain type of metal rod.

They want the estimate to have an error margin at most 0.02 mm, with a 99%
confidence level.

A previous study suggests that the standard deviation is about 0.08 mm.

What sample size is required?

Solution:
Here,

d = 0.02, z0.005 = 2.575, s = 0.08.

So

n ≥
(zα/2)2s2

d2
=

(2.575)2(0.08)2

(0.02)2
= 106.09

Rounding up to the next integer, we get

n = 107.
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Determining the Sample Size (for p)
For proportions, we have:

σ
2
= p(1 − p) ≈ p̂(1 − p̂)

(Because the value of p is unknown, it can be estimated by the sample proportion p̂
from a previous sample.)

Substituting this into our formula, we get

(zα/2)2 σ2

d2
≈

(zα/2)2 p̂(1 − p̂)
d2

Result: In order to estimate p with an error margin of at most d and 100(1 − α)%
confidence level, the required minimum sample size is

(zα/2)2 p̂(1 − p̂)
d2

.

(Compute this value and round UP to the next integer.)
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Example
A university wants to estimate the proportion of its students who use public
transportation to come to campus.

They want the estimate to have an error margin of at most 0.03, with a 95%
confidence level.

A previous survey suggests that the proportion is about 0.60.

What sample size is required?

Solution:
Here,

d = 0.03, z0.025 = 1.96, p̂ = 0.60.

Then

n ≥
(zα/2)2p̂(1 − p̂)

d2
=

(1.96)2(0.60)(0.40)
(0.03)2

≈ 1024.43.

Rounding up to the next integer, we get n = 1025.
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Determining the Sample Size (for p)

The maximum value of p(1 − p) is 1/4. So for any p,

(zα/2)2

4d2
≥

(zα/2)2 p(1 − p)
d2

Hence, taking

n ≥
(zα/2)2

4d2

guarantees that the error margin is at most d .

If we have no prior estimate of p, we will use this formula.
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Determining the Sample Size (for p)

Result: If we have no prior estimate of p, then in order to estimate p with of an error
margin at most d and 100(1 − α)% confidence level, the required minimum sample
size is

(zα/2)2

4d2
.

(Compute this value and round UP to the next integer.)
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Example
A campaign team wants to estimate the proportion of voters who support their
candidate.

They want the estimate to have an error margin of at most 0.03, with a 95%
confidence level.

What sample size is required?

Solution:
Here,

d = 0.03, z0.025 = 1.96.

Then

n ≥
(1.96)2

4 ⋅ (0.03)2
≈ 1067.11.

Rounding up to the next integer, we get

n = 1068.


