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Chapter 5 - Part 2

The Normal Distribution
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The Normal Distribution

▶ The normal distribution is the most important one.

▶ Also known as: Gaussian distribution or bell-shaped distribution or bell curve.

x

f (x)

▶ It plays a very important role in the science of statistical inference.

▶ Many phenomena generate random variables with probability distributions that are
very well approximated by a normal distribution.



3/33

The Normal Distribution
A continuous random variable X is said to have a normal distribution if it has a PDF
of the form

f (x) = 1

σ
√
2π

e
− 1

2
( x−µ

σ
)2
, −∞ < x < ∞

for some numbers µ and σ > 0.

µ

x

f (x)

In that case, we denote
X ∼ N(µ, σ).
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Expected Value and Variance
If X ∼ N(µ, σ), then

E(X ) = µ

StDev(X ) = σ

µ − 3σ µ − 2σ µ − σ µ µ + σ µ + 2σ µ + 3σ

x

f (x)

f (x) = 1

σ
√
2π

e
− 1

2
( x−µ

σ
)2
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Comparing µ

−2 0 1

x

f (x) N(1, 1)
N(0, 1)
N(−2, 1)

Change of N(µ, σ) as µ changes
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Comparing σ

−2 −1 0 1 2

x

f (x) N(0, 0.5)
N(0, 0.75)
N(0, 1)

N(0, 1.25)
N(0, 1.5)

Change of N(µ, σ) as σ changes



7/33

Median

Let X ∼ N(µ, σ). Then the median of X is µ, by symmetry.

µ

x

f (x)

P(X < µ) = P(µ < X ) = 0.5
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Symmetry

Let 0 < a < b. Again by symmetry,

P(µ − b < X < µ − a) = P(µ + a < X < µ + b)

µ − b µ − a µ µ + a µ + b

x

f (x)
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Symmetry

Similarly,
P(X < µ − a) = P(µ + a < X )

µ − a µ µ + a

x

f (x)
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Symmetry

and,
P(µ − a < X < µ) = P(µ < X < µ + a)

µ − a µ µ + a

x

f (x)
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The Standard Normal Distribution
N(0, 1) is called the standard normal distribution.
▶ It is the normal distribution with

µ = 0, σ = 1

−3 −2 −1 0 1 2 3

x

f (x)

f (x) = 1√
2π

e
− x

2

2

For the rest of this course, we will denote Z ∼ N(0, 1).
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The Standard Normal Table
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The Standard Normal Table

We will read the probability values P(0 < Z < z) from the standard normal table.

Example: For P(0 < Z < 1.19) we will look at z = 1.19 from the table.

z = 1.19 = 1.1 + 0.09

This means that
P(0 < Z < 1.19) = 0.383
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The Standard Normal Table

0 1.19

0.383

x

f (x)

P(0 < Z < 1.19) = 0.383

Note: The numbers in the table are integral values. For example:

∫
1.19

0

1√
2π

e
− x

2

2 dx ≈ 0.383
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Examples

Z ∼ N(0, 1)
▶ P(0 < Z) = 0.5

▶ P(Z < 0) = 0.5

▶ P(0 < Z < 0.62) = 0.2324

▶ P(−1.12 < Z < 0) = P(0 < Z < 1.12) = 0.3686

−1.12 0 1.12

0.36860.3686
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Examples

Z ∼ N(0, 1)
▶ P(Z < 0.73) = P(Z < 0)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
0.5

+P(0 < Z < 0.73)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.2673

= 0.7673

0 0.73

0.26730.5
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Examples

Z ∼ N(0, 1)
▶ P(0.56 < Z) = P(0 < Z)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
0.5

−P(0 < Z < 0.56)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.2123

= 0.2877

0 0.56

0.2123

0.2877
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Examples

Z ∼ N(0, 1)
▶ P(−1.75 < Z) = P(−1.75 < Z < 0)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
P(0<Z<1.75)=0.4599

+P(0 < Z)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.5

= 0.9599

−1.75 0

0.4599 0.5
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Examples

Z ∼ N(0, 1)
▶ P(Z < −0.8) = P(Z < 0)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
0.5

−P(−0.8 < Z < 0)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï
P(0<Z<0.8)=0.2881

= 0.2119

−0.8 0

0.2881

0.2119
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Examples

Z ∼ N(0, 1)
▶ P(0.25 < Z < 0.57) = P(0 < Z < 0.57)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
0.2157

−P(0 < Z < 0.25)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.0987

= 0.117

0 0.25 0.57

0.117
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Examples

Z ∼ N(0, 1)
▶ P(−2.1 < Z < −0.97) = P(0.97 < Z < 2.1) =

P(0 < Z < 2.1)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒ Ï

0.4821

−P(0 < Z < 0.97)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.334

= 0.1481

−2.1 −0.97 0

0.1481
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Examples

Z ∼ N(0, 1)
▶ P(−0.55 < Z < 2.43) = P(−0.55 < Z < 0)

ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ
P(0<Z<0.55)=0.2088

+P(0 < Z < 2.43)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.4925

= 0.7013

−0.55 0 2.43

0.2088 0.4925
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Examples

Z ∼ N(0, 1)
▶ Find the 70

th
percentile of Z .

Solution: We look for n such that P(Z < n) = 0.7. Since 0.7 > 0.5, we know
that n > 0.

0 n

0.20.5

0.7 = P(Z < n) = P(Z < 0)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.5

+P(0 < Z < n) ⟹ P(0 < Z < n) = 0.2 ⟹ n ≈ 0.52
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Examples
Z ∼ N(0, 1)
▶ Find the 40

th
percentile of Z .

Solution: We look for n such that P(Z < n) = 0.4. Since 0.4 < 0.5, we know
that n < 0.

n 0 −n

0.4 0.1 0.1

0.4 = P(Z < n) = P(Z < 0)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.5

−P(n < Z < 0) ⟹ P(n < Z < 0) = 0.1

⟹ P(0 < Z < −n) = 0.1

⟹ −n ≈ 0.25 ⟹ n ≈ −0.25
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Converting a Normal Distribution to a Standard Normal Distribution

Let X ∼ N(µ, σ) and Z =
X−µ
σ

. Then Z ∼ N(0, 1).
Proof.
If X ∼ N(µ, σ) is normal, then Z =

X−µ
σ

is also normal. Moreover,

E(Z) = E(X ) − µ
σ =

µ − µ
σ = 0

and

StDev(Z) = StDev(X )
σ =

σ
σ = 1.

Hence Z ∼ N(0, 1).
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Converting a Normal Distribution to a Standard Normal Distribution

Therefore: Let Z ∼ N(0, 1). If X ∼ N(µ, σ),

P(a < X < b) = P (a − µ
σ < Z <

b − µ
σ ) .
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Example

Let X ∼ N(1.4, 0.8). Find P(1 < X < 2).

1 1.4 2



28/33

Example - Solution

Let X ∼ N(1.4, 0.8). Find P(1 < X < 2).

1 1.4 2

−0.5 0 0.75

1 − µ
σ =

1 − 1.4

0.8
= −0.5,

2 − µ
σ =

2 − 1.4

0.8
= 0.75

Hence
P(1 < X < 2) = P(−0.5 < Z < 0.75)
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Example - Solution (cont’d)

1 1.4 2

−0.5 0 0.75

P(1 < X < 2) = P(−0.5 < Z < 0.75)
= P(−0.5 < Z < 0) + P(0 < Z < 0.75)
= P(0 < Z < 0.5) + P(0 < Z < 0.75)
= 0.1915 + 0.2734

= 0.4649
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Example

Let X ∼ N(−1, 2). Find P(−1.2 < X ).

Solution: Since
−1.2 − µ

σ =
−1.2 − (−1)

2
= −0.1

we have

P(−1.2 < X ) = P(−0.1 < Z)
= P(−0.1 < Z < 0) + P(0 < Z)
= P(0 < Z < 0.1) + P(0 < Z)
= 0.0398 + 0.5

= 0.5398
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Example
Professor Snape teaches a course on “Potions” at Hogwarts. The scores of students in
the course follow a normal distribution with a mean of 48 and a standard deviation of
16. If the passing grade is set at 40, what percentage of students will pass the course?

Solution: We look for P(40 < X ) where X ∼ N(48, 16). Since
40 − 48

16
= 0.5

we have

P(40 < X ) = P(−0.5 < Z)
= P(−0.5 < Z < 0) + P(0 < Z)
= P(0 < Z < 0.5) + P(0 < Z)
= 0.1915 + 0.5

= 0.6915 = 69.15%
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Example
Let X ∼ N(0.8, 2.4). Find the 75

th
percentile of X .

Solution: First, we find the 75
th

percentile of Z ∼ N(0, 1).

P(Z < n) = 0.75 ⟹ n > 0.

Therefore

0.75 = P(Z < n) = P(Z < 0)
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

0.5

+P(0 < Z < n) ⟹ P(0 < Z < n) = 0.25 ⟹ n ≈ 0.67

We look for m where P(X < m) = 0.75.

P(X < m) = 0.75 = P(Z < 0.67) ⟹
m − µ
σ = 0.67 ⟹

m − 0.8

2.4
= 0.67

⟹ m = 0.8 + 2.4 ⋅ 0.67 ≈ 2.4
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Example
Let X ∼ N(µ, σ). If P(X < 1) = 0.62 and P(X < −1) = 0.34, find µ and σ.

Solution: Let

z1 =
−1 − µ

σ , z2 =
1 − µ
σ

P(Z < z2) = 0.62 ⟹ P(0 < Z < z2) = 0.12 ⟹ z2 = 0.31

P(Z < z1) = 0.34 ⟹ P(z1 < Z < 0) = 0.16 ⟹ z1 = −0.41

Hence
−1 − µ

σ = −0.41 ⟹ −1 = µ − 0.41σ

1 − µ
σ = 0.31 ⟹ 1 = µ + 0.31σ

⟹ 2 = 0.72σ ⟹ σ =
2

0.72
≈ 2.78

⟹ µ = 1 − 0.31σ ≈ 0.14


