Chapter 3 - Part 2
Counting



Counting

We will discuss counting problems like

In how many different ways can one answer all the questions on a true/false test
consisting of 20 questions?

How many ways can you order 7 books?
How many 4-letter words can be formed using the letters A, B, C, D, E, F?
How many ways can you put 8 pictures into 3 frames?

How many ways can choose 3 out of 8 pictures?



Example

Toss a coin 3 times
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Sample space has 2 X 2 X 2 = 8 elements.



Example

Toss a coin, then roll a die

Coin Dice Qutcomes
[ [H, 13

Head
- (T, 1)
2 (T 2)
il [ 1T, 3
e (T, 4
5 comememeees (T, 5]
B —ommemmee (T, 6]

Sample space has 2 X 6 = 12 elements.



Fundamental Principle of Counting

If there are m ways of doing a task and n ways of doing another task, then there
are m X n ways of doing these tasks one after the other.

Example: Roll 2 dice. How many possible outcomes are there?

6Xx6=236



Example

In how many different ways can one answer all the questions on a true/false test
consisting of 20 questions?

2x2x..x2=2%

20



Example

How many ways can you order 7 books?

number of ways to order 7 books = 7 X (number of ways to order 6 books)
=7 X 6 X (number of ways to order 5 books)
=7 %X 6 X5 X (number of ways to order 4 books)

=7TX6XHXx4x3x2x1



Factorial
Let n be a non-negative integer. We define the factorial of n as

nl=1xX2xXx3X...Xn

if n > 0 and we define
ol=1

n! is the number of ways to order n objects.

Example:
=1
21 =2
31=6
41 =24

51 =120



Example

How many ways can you order 100 books?

Answer: 100/ =100 x99 x ... x2x1



Example

How many 4-letter words can be formed using the letters A, B, C, D, E, F if

repeats are allowed?
repeats are not allowed?

adjacent letters cannot be same?



Example

How many 4-letter words can be formed using the letters A, B, C, D, E, F if

repeats are allowed?

6X6X6X6=6"



Example

How many 4-letter words can be formed using the letters A, B, C, D, E, F if

repeats are not allowed?

6!
6><5><4><3=j



Example

How many 4-letter words can be formed using the letters A, B, C, D, E, F if

adjacent letters cannot be same?

6XxX5x5x%x5



Example

How many ways can you put 8 pictures into 3 frames?

8l sl
7 = — =
8XTx0=5 =1 3




Permutation
Let n be a non-negative integer and k be another integer such that kK < n. We

define k-permutations of n as

P(n, k) = =nX(n-1)%...x(n—k+1)

n!
(n—k)!

P(n, k) is the number of ways to order n objects in k locations.

Example:
P(n,n) = n!
P(n,0) =1
P(n,1)=n

P(n,2) =n(n-1)
P(n,n—1) = n!



Example

How many ways can you put 50 pictures into 20 frames?

50!
P(50,20) = 35



Example

How many ways can choose 3 out of 8 pictures?

[Put 8 plctures into 3 frames] = [Choose 3 out of 8 p|ctures] then [Order 3 plctures]

P(8,3) many ways M many ways 3! many ways

= P(8,3) = M x 3!
_P(8,3) 8l

— M 31 5Ix3l




Combination

Let n be a non-negative integer and k be another integer such that kK < n. We
define k-combinations of n (a.k.a. n choose k) as

n P(n, k) n!
(k) =Cln k)= = = 1% (n— k)!

(Z) is the number of ways to choose k out of n objects.






Example

How many ways can choose 20 out of 50 pictures?

50\ 50!
20| = 201 x 30!



Poker Hands

In this example we will calculate the probabilities of some poker hands.

A poker hand consists of 5 cards drawn from the deck.
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Poker Hands

What is the total possible number of hands?

Answer:

2
(55 ) = 2598960



Poker Hands

What is the possibility of " Four Aces"?

Example:

VA SA A A &5
or

VA A ¢A SA &7
or

VA MA A S6A 9 J
Answer:

(6)<(¥) 48 1

®) = 5598060 ~ 54145 ~ 0-0000185




Poker Hands

What is the possibility of " Four of a Kind"?

Example:
VA BA ¢A SA &4
or
VQ,06Q,¢Q,.8Q, 838
or
V5,85 45 &5 99
Answer:

13x(3) < () _ 624

(%) = 3598960 ~ 4165 ~ 00002401




Poker Hands

What is the possibility of " Full House"?

Example:
VA MA A WK &K
or
VQ,¢Q, 860, #3, 83
or
V5,85 465 99 &9
Answer:

13 x (g) X 12 X (g) 3744

(552) ~ 2598960

~ 0.00144




Poker Hands

What is the possibility of " One Pair”?

Example:

VA MA ¢K 9 &4
or

VK, ¢K, $Q, 863 &2
or

V7,67 410,99 &3
Answer:

13 (5) x (5) ¢ (1) (1) ¥ (5) _ 1008240

(52) = 5598960 ~ 0.42257




Poker Hands

For the full list:
https://en.wikipedia.org/wiki/Poker_probability


https://en.wikipedia.org/wiki/Poker_probability

Birthday Problem

There are 23 people in a room. What is the probability that at least two of them have
the same birthday?

Solution:
At at least two of them have the same birthday

A"t no two people in the room have the same birthday (all have different

birthdays)
i, 365 364 363 343 P(365,23)
P(A)—%X%X%XX%—W~O4927
P(365,23
— mA)=L-mAU=1——L—4—lz05W3

36523



Birthday Problem (General Case)

There are n people in a room. What is the probability that at least two of them have
the same birthday?

n P
1) 0.0%
5] 27%
10 11.7%
20 | 41.1%
23|50.7%

P(365’ n) 30 | 70.6%
p(n) =1 - —=m5— -

50| 97.0%
60 | 99.4%

365 | 70| 99.9%

=1- 75 99.97%
365" X (365 - n)' 100 99.999 97%

200 | (100 - 2 x 10728)%

300 | (100 -6 x1075%%

350 (100-3x107129)%

365 | (100 - 1.45 x 107155)%
2366 100%



